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Preliminaries



Type theory

« Simply typed A-calculus: propositional logic



Type theory

« Simply typed A-calculus: propositional logic
« Dependent type theory: first-order and higher logic



Type theory
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Type theory

Atypea=bfora,b: A



Univalence

« Types are co-groupoids...
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« Types are co-groupoids...
« ...s0 types are spaces?!



Univalence

« Types are co-groupoids...
« ...s0 types are spaces?!
 Add univalence on top of that:

(A~ B) ~ (A= B)



h-levels

isContr A =(a: A) x ((z: A) > z= a)



h-levels
isContr A =(a: A) x ((z: A) > z= a)

isOfHLevel 0 A = isContr A
isOfHLevel (suc n) A = (zy: A) — isOfHLevel n (z = y)



Cubical type theory

Univalence is a theorem!



Agda

« Proof assistant



Agda

« Proof assistant
» No tactics



Cubical Agda



Cubical Agda

Code:

funExt : (f g : (x
funExt f g p 1 x =

: A) - B x) - ((x :

p X 1

A) - f x

gx)-f=g



Internal models



Categories with Families

(Definition 1 Category with Families (CwF)

A category with families is a category Ctx of contexts and substitutions, equipped with

« a terminal object () : Ctx, the empty context
» apresheaft Ty : Ctx of types
o apresheaf Tm : [ Ty of terms

such that for all ', A € [ Ty, the following presheaf is representable:
Ext (I', A) : Ctx? — Set
A (0:A—=T)xTm A (Alo])

T (J,8) > o7, i[7]




Categories with Families

(Theorem 1

The representability of Ext (I', A) is equivalent to requiring

« an objectI'> A € Ctx
ep:I'DA—T
+ ¢: Tm (I'> A)(A[p])
« that the following function is an equivalence:
p,q): (T: A—=TPA) = (c:A—-T)xTm A (Alo])

T poT,q[T]




Formalizing CwFs

record CCwF (C : Category) : Type where
field
() : Terminal C
Ty : Presheaf C
Tm : Presheaf ([ Ty)
> ¢ (I Ctx) (A : Ty[ ' 1) - Ctx
: {lN : Ctx} {A : Ty[ T ]} -T > A>T
: {F : Ctx} {A : Ty[ T 1} -Tm[ T A, A[ p 1Ty ]

o T |

(p,q) « {I"' A : Ctx} (A : Ty[ I''])
- (A>T v>A)->2[oc€A->T]1Tm[ A, A[ o ]Ty ]
(p,q) {A =A} A=
p o T, subst (NT->Tm[ A, T 1) (sym (funExt- (Ty .F-seq p t) A)) (g [ T ]1Tm)

field
ctxExtRepr : {F A : Ctx} (A : Ty[ I 1) -» isEquiv ((p,q) {I'} {A} A)



Formalizing CwFs

record ACwF (C : Category): Type where
field

() : Terminal C
Ty : (I : Ctx) - Type
Tm : (I : Ctx) (A : Ty I') - Type

1sSetTy : (I : Ctx) - 1sSet (Ty I')
isSetTm : (I : Ctx) (A : Ty I') - isSet (Tm I A)

-- substitutions
[ 1Ty + (A : Ty T) (o0 : A->1T)

Ty A
[id]Ty : (A : Ty IN)

A [ id ]Ty =
[1[]Ty : (A : Ty I') (o

- >

: @-A) (o0 : A->T)



A[looco" JTy=(A[ o ]lTy ) [ o ITy
[ 1Tm : {A : Ty T} (@a: TmT A) (o : A->T)

Tm A (A[ o 1Ty)
[id]Tm : {A : Ty '} (a : Tm I A)

PathP (A i -> Tm I ([id]Ty A i)) (a [ id ]Tm) a
[I[]Tm : {A : Ty T} (a : Tm T A) (¢' : ©->A) (6 : A->1T)

PathP (A i -> Tm 0 ([][]Ty A o' o i))
(a [ 0o 0" ]Tm)
(@[ olTm [ o' ]1Tm)

- context extension
> (M Ctx) (A : Ty I - Ctx

p:{A: Ty}l o AoT
g: {A:TyTl}->Tm (= A) (A p ]1Ty)



- now, a bunch of coherence laws

+

id+

: {A : Ty T} (o : A->T)

As>A[o]JTy-T»A

: {A : Ty T} (@a: Tm [ A)
- (I = A)
: {A : Ty T} (a: TmTA) (6 : A->T)
(a) coo=o0*o°o (allolTm)
(gq)=id : {A : Ty I'}

PathP (A1 -0 > []J[]TYAG6' 61 —-T 1> A) ((0 o 0') *) (6 * o 0" *)
: {A : Ty I'}

PathP (A 1 - T » [id]Ty A1 -T » A) (id *) id



gl*]1Tm :

[pILC)ITy

BIlp{A=Ar 1Ty [o* JTy=B [ olTy [ p ITy
{A: Ty T} (6 : A->T)

PathP (A1 ->Tm (A > A [ o 1Ty) ([pl[*]1Ty Ao 1)) (q [ o * ]Tm) q

: {A : Ty I} (a: Tm T A)

p e (a)=id
{A: Ty I} (B:TyTl) (a: TmT A)

BLpITy [ (a) ITy=8B

: {A : Ty T} (@a: Tm T A)

PathP (A 1 - Tm [ ([p][{)]ITy Aa1i)) (q [ ( a) ITm) a



Formalizing CwFs

(Theorem 2

L Given a category C, the types CCwF Cand ACwF ('are equivalent.



https://github.com/flgrubm/fun-with-cwf/blob/elise-report-1/ACwF-CCwF.agda#L156

Type structures

(Definition 2 S-structure )
A Y-structure is an assignment of A : Ty I', B: Ty (I' > A) to some ¥ AB : Ty T, that is
natural in A and B. There must be a natural isomorphism Tm I' (¥ AB) ~ (a : Tm T'A) x
Tm I' B[{(a)].

N y



https://github.com/flgrubm/fun-with-cwf/blob/elise-report-1/ACwF/Sigma.agda#L18

Type structures

(Definition 2 S-structure )
A Y-structure is an assignment of A : Ty I', B: Ty (I' > A) to some ¥ AB : Ty T, that is
natural in A and B. There must be a natural isomorphism Tm I' (¥ AB) ~ (a : Tm T'A) x
Tm I' B[{(a)].

N y

Definition 3 II-structure /)
A Tl-structure is an assignment of A : Ty I', B: Ty (I' > A) to atype IIAB : Ty I that is
natural in A and B, with a natural isomorphism Tm I' (IIAB) ~ Tm (I'> A) B.

N J



https://github.com/flgrubm/fun-with-cwf/blob/elise-report-1/ACwF/Sigma.agda#L18
https://github.com/flgrubm/fun-with-cwf/blob/elise-report-1/ACwF/Pi.agda#L20

Type structures

(Definition 2 S-structure éi
A Y-structure is an assignment of A : Ty I', B: Ty (I' > A) to some ¥ AB : Ty T, that is
natural in A and B. There must be a natural isomorphism Tm I' (¥ AB) ~ (a : Tm T'A) x
Tm I' B[{(a)].
N J
Definition 3 II-structure /)
A Tl-structure is an assignment of A : Ty I', B: Ty (I' > A) to atype IIAB : Ty I that is
natural in A and B, with a natural isomorphism Tm I' (IIAB) ~ Tm (I'> A) B.
N J
(Definition 4 Eq-structure e/f)
An Eqg-structure is an assignment of A : Ty I', a,b: Tm I'Atoatype Eq Aa b: Ty T,
natural in all variables, and with a natural isomorphism Tm I"' (Eq A a b) >~ a = .
N J



https://github.com/flgrubm/fun-with-cwf/blob/elise-report-1/ACwF/Sigma.agda#L18
https://github.com/flgrubm/fun-with-cwf/blob/elise-report-1/ACwF/Pi.agda#L20
https://github.com/flgrubm/fun-with-cwf/blob/elise-report-1/ACwF/Eq.agda#L16

The set and presheaf models



Sets in HoTT

The type of h-sets is not an h-set :(
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Iterative sets to the rescue!
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Sets in HoTT

The type of h-sets is not an h-set :(

Iterative sets to the rescue!

Ve = WA: TypeA

isOSet : V*° — Type

is0Set (sup A f) = isEmbedding f x ((a: A) — is0Set (f a))
VO : Type

V0 = (X:V>®) x is0Set X



Sets in HoTT

(Theorem 3 H. R. Gylterud [1]

For z,y : VO, we have

r=y~(2: V) 5 (z€zx 2€y)




Tarski universes



Tarski universes

record TarskiUniverse-Base : Type where
field
U : Type
EL : U - Type
isSetU : isSet U
isSetEl : (x : U) - isSet (El x)



Tarski universes

record TarskiUniverse-Base : Type where
field
U : Type
EL : U - Type
isSetU : isSet U
isSetEl : (x : U) - isSet (El x)

frheoren14 Jﬂw

L VY is a Tarski universe. J



https://github.com/flgrubm/fun-with-cwf/blob/elise-report-1/TarskiUniverse/Instances/IterativeSets.agda#L0

Tarski universes

record TarskiUniverse-Unit : Type where
field
Unit : U
isContrElUnit : isContr (El Unit)
record TarskiUniverse-Sig : Type where
field
Sig : (A : U) - (ELA-U) - U
SigIso : (A : U) (B : EL A - U)
-» Iso (El (Sig A B)) (£¥[ x € ELA ] El (B x))



Tarski universes

Iterative sets

Finite sets

Cumulative hierarchy

Inductive-recursive universe



The set model

(Theorem 5

For every Tarski universe U, U can be equipped with an ACwF structure U-CwF U, where
« () = Unit

e TyI'=EIT - U

e TmTTA=(p:EIT) — El (Ap)

- I'bA==Sigl'A

N



https://github.com/flgrubm/fun-with-cwf/blob/elise-report-1/ACwF/Instances/TarskiUniverse.agda#L36

The set model

(Theorem 5 )
For every Tarski universe U, U can be equipped with an ACwF structure U-CwF U, where
« () = Unit
e TyI'=EIT - U
e TmTTA=(p:EIT) — El (Ap)
- I'>bA=SigT'A
N J
(Theorem 6 )
« U-CwF U has a 3-structure
o If U has a Il-structure, U-CwF U has a II-structure
o If U has an Eq-structure, U-CwF U has an Eq-structure
N J



https://github.com/flgrubm/fun-with-cwf/blob/elise-report-1/ACwF/Instances/TarskiUniverse.agda#L36
https://github.com/flgrubm/fun-with-cwf/blob/elise-report-1/ACwF/Instances/TarskiUniverse.agda#L66

The presheaf model

(Theorem 7

There is an ACwF on C defined by

« () is the constant presheaf with value Unit

. Ty T is the set of presheaves ( [T')™” — U

« Tm I'A is the set of natural transformations from the unit type to A, where the unit type in
context I' is the constant presheaf with value Unit

« Context extension is defined by (I' > A)I := (p : El (I'T)) x A(I, p).

N



https://github.com/flgrubm/fun-with-cwf/blob/elise-report-1/ACwF/Instances/TarskiPresheaf.agda#L61

The presheaf model

(Theorem 8

L The CwF on C has a S-structure.



https://github.com/flgrubm/fun-with-cwf/blob/elise-report-1/ACwF/Instances/TarskiPresheaf.agda#L165

The presheaf model

(IIAB)(I,p) == {w: (J: C)(f : J — I)(a: A(J,Tfp)) — B(J, (Tfp,a))
| Vg: K — J,Bg(wfa) = w(f-g)(Aga)
}

_ / (a: A(J,Tfp)) = B(J,(Tfp,a))
fiJ—I



Conclusion & Future Work
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